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Abstract
New mixing structures between chiral generations of elementary particles at low
energy are shown in a vectorlike model with a horizontal symmetry SU(1, 1). In
this framework the chiral model including odd number chiral generations is realized
via the spontaneous symmetry breaking of the horizontal symmetry. It is shown
that the Yukawa coupling matrices of chiral generations have naturally hierarchical
patterns, and in some cases the overall factors of their Yukawa coupling matrices,
e.g. the Yukawa coupling constants of the bottom quark and tau lepton are naturally
suppressed.
1 Introduction
One of the most remarkable phenomena in Nature at low energies is the existence of three
chiral generations of quarks and leptons and their hierarchical mass structures. There
have been many attempts to understand the origin of generations and/or the hierarchical
structures by using various models; e.g. models with horizontal symmetries GH [1–4],
which govern the generational structures of quarks and leptons; grand unified models on
the orbifold S1/Z2 [5,6]; nonlinear σ models on the coset space E7(+7)global/SU(5)×U(1)3
[7, 8]; and magnetized orbifolding models [9–11].
We focus on approaches based on horizontal symmetries. These symmetries can be
classified into three categories. First, models with non-abelian group symmetries [12, 13]
give an explanation for the three generations of quarks and leptons if the group involves a
triplet representation. Second, models with an abelian group U(1) [2,14] naturally gives an
account for the hierarchical mass structures of the three chiral generations of quarks and
leptons by using the Froggatt-Nielsen mechanism [2]. Third, a model with a noncompact
nonabelian group symmetry SU(1, 1) [15] allows us the opportunity that chiral generations
of elementary particles and their hierarchical mass structures are understood by using the
spontaneous symmetry breaking, one of the essential concepts of modern particle physics,
of the horizontal symmetry, where the noncompact group SU(1, 1) is a special pseudo-
unitary group [16,17]. (Another example of a special pseudo-unitary group is the Lorentz
group SO(3, 1).)
The author has previously discussed an N = 1 supersymmetric vectorlike model with
a noncompact group SU(1, 1) horizontal symmetry [18, 19]. This model has some im-
portant features: chiral gauge theories derived from vectorlike gauge theories [15]; the
∗Electronic address: nyamatsu@indiana.edu
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hierarchical structure of Yukawa coupling constants of chiral matter at low energy [18];
and the spontaneous breakdown of P, C and T symmetries [19]. Once we apply this model
to the standard model (SM), these features can realize almost the constrained minimal
supersymmetric standard model (MSSM) [20, 21] at low energy [19]. See Ref. [22] for a
review.
The main purpose of this paper is to show new types of structures to realize chiral
generations of elementary particles at low energy in a model with the horizontal symme-
try SU(1, 1). In some cases the pattern of the Yukawa coupling constants of the chiral
generations derived from the new structures is much different from that discussed before.
The difference between the Yukawa coupling constants of top quarks, bottom quarks and
tau leptons is also discussed. In §2 we give an overview of the noncompact horizontal
symmetry and define the terms of the model. In §3 we discuss how to realize chiral gen-
erations in the context of the known structure and the new structure. In §4 we analyze
typical Yukawa coupling structures by using the mixing patterns of chiral generations in
§3. Section 5 is devoted to summary and discussion.
2 Overview of the Model
We give an overview of the noncompact horizontal symmetry SU(1, 1) and define the
terms of the model. Let us begin by defining the three generators τa (a = 1, 2, 3) of
SU(1, 1) satisfying the commutation relations
[τ1, τ2] = −iτ3, [τ2, τ3] = +iτ1, [τ3, τ1] = +iτ2. (1)
The components of any representation of SU(1, 1) are labeled by the Casimir operator
τ 2 of SU(1, 1) and the weight of the third component τ3 of SU(1, 1), where the Casimir
operator of SU(1, 1) is defined by τ 2 := τ 21 + τ
2
2 − τ 23 .
We use two types of representations of SU(1, 1); one type is unitary infinite-dimensional
representations, which are constructed using all Hermitian generators τa; the other type
is nonunitary finite-dimensional representations, which are constructed using two anti-
Hermitian generators τ1 and τ2 and one Hermitian generator τ3. Two types of infinite-
dimensional representations are used; one representation has only positive weights of the
third component generator τ3, where the lowest state is vanished by the ladder operator
τ− := τ1 − iτ2; the other has only negative weights of the third component generator τ3,
where the highest state is vanished by the ladder operator τ+ := τ1 + iτ2. A field in the
representation with only a positive weight is referred to as a positive field denoted by, e.g.,
Fˆ = {fˆα, fˆα+1, · · · }, where the subscripts of the components fˆα+i (i = 0, 1, 2, · · · ) of Fˆ
stand for the weight of τ3 of SU(1, 1). A field in the representation with only a negative
weight is referred as a negative field denoted by, for example, Fˆ c = {fˆ c−α, fˆ c−α−1, · · · }.
The finite-dimensional representations are characterized by the highest weight S referred
to as the SU(1, 1) spin S and the weight of eigenvalue of the third component generator
τ3, where the highest state is vanished by the operator τ+, and the lowest state is van-
ished by the operator τ−. A field in a finite-dimensional representation is referred to as
a finite field denoted by, e.g., Ψˆ = {ψˆ−S, ψˆ−S+1, · · · , ψˆS−1, ψˆS}, where the subscripts of
the components ψˆn (n = −S,−S + 1, · · · , S) of the finite field Ψˆ stand for the weight
of τ3, and S is a non-negative integer or a half-integer. In the following, we refer to the
positive and negative fields introduced in a vectorlike manner as matter fields, such as
quarks, leptons and higgses. The finite fields are referred to as structure fields because
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these determine the generational structures of the model and do not correspond to the
SM or supersymmetric SM fields.
Before we finish this section, we introduce two cubic invariants under SU(1, 1) trans-
formations [18]; one is built from two infinite dimensional unitary representations with
one positive and one negative weight and finite-dimensional representations; the other
consists of three infinite-dimensional unitary representations with two positive weights
and one negative weight, or one positive weight and two negative weights. The former is
the following cubic coupling term
Fˆ GˆcΨˆ =
∞∑
i,j=0
Dβ,α,Sj,i fˆα+igˆ
c
−β−jψˆ−i+j−q, (2)
where α(−β) is the lowest(highest) weight of the matter field Fˆ (Gˆc), and q is defined as
q := α − β and is an integer or half-integer, which is allowed when the SU(1, 1) spin S
of the structure field Ψˆ satisfies S ≥ |q|. For S ≥ | − i + j − q|, the Clebsch-Gordan
coefficient (CGC) is
Dβ,α,Sj,i = (−1)i
√
i!j!(i− j + S + q)!(−i+ j + S − q)!
Γ(2α + i)Γ(2β + j)
×
S+q∑
r=0
Γ(2β + j + r)
(S + q − r)!(i− j + S + q − r)!r!(−i+ j − 2q + r)!(j − S − q + r)! ; (3)
otherwise, Dβ,α,Sj,i = 0. The CGC D
β,α,S
j,i satisfies the symmetric relation D
β,α,S
j,i =
(−1)i−jDα,β,Si,j . The CGC Dβ,α,Sj,i of the matter and structure fields Fˆ Fˆ cΨˆ behaves as
iS in the limit i, j →∞ with |i− j| fixed:
Dβ,α,Sj,i ≃ (−1)iiS
(2S)!
(S + q)!(S − q)!√(i− j + S − q)!(−i+ j + S + q)! . (4)
As we find in §3, this asymptotic behavior is essential to realize chiral theories from
vectorlike theories. The latter is
Fˆ GˆHˆ =
∞∑
i,j=0
Cα,β,∆i,j fˆα+igˆβ+jhˆ−γ−i−j+∆, (5)
where ∆ is a semi-positive integer (∆ ≥ 0). For i + j < ∆, the CGC is zero and, for
i+ j ≥ ∆,
Cα,β,∆i,j =(−1)i+j
√
i!j!
(i+ j −∆)!
Γ(2α + i)Γ(2β + j)
Γ(2γ + i+ j +∆)
×
∆∑
r=0
(−1)r (i+ j −∆)!Γ(2α)Γ(2β)
(i− r)!(j + r −∆)!r!(∆− r)!Γ(2α+ r)Γ(2β +∆− r) , (6)
where the Cα,β,∆i,j satisfies the symmetric relation C
α,β,∆
i,j = (−1)∆Cβ,α,∆j,i .
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3 Spontaneous Generation of Generations
We now discuss how to extract chiral matter content from vectorlike matter content. This
mechanism is referred to as the spontaneous generation of generations [15]. The mech-
anism can produce finite numbers of chiral generations of the SM fields at low energies,
such as quarks, from matter fields, where matter fields belong to the infinite-dimensional
representation of SU(1, 1) in a vectorlike manner. The appearance of chiral generations
of matter is dominantly dependent on the SU(1, 1) spins of the structure fields Ψˆs with
non-vanishing vacuum expectation values (VEVs) and subdominantly depends on certain
combinations of the VEVs of the structure fields Ψˆs and coupling constants, because of
normalizable condition of chiral particles.
We first investigate the superpotential that includes two structure fields with integer
spins discussed in Ref. [18, 23]. After that, the superpotential that includes a structure
field with a half-integer spin is discussed.
3.1 Two Structure Fields with an Integer Spin
We consider the superpotential that contains the matter fields Fˆ and Fˆ c and the structure
fields Ψˆ and Ψˆ′
W = xFˆ Fˆ cΨˆ + x′Fˆ Fˆ cΨˆ′, (7)
where x and x′ are real coupling constants. We assume non-vanishing VEVs for the 0th
and −gth components of the structure fields Ψˆ and Ψˆ′ with the SU(1, 1) spins S and S ′,
respectively, and assume that the scale of these VEVs is a high energy scale such as the
GUT scale or Planck scale and the typical energy scale of massless matter is a low scale
such as the electroweak scale. The non-vanishing VEVs 〈ψ0〉 and 〈ψ′−g〉 can generate g
massless modes {fˆ0, fˆ1, fˆ2, · · · , fˆg−1} (S ′ ≥ g) from the positive field Fˆ with the form
fˆα+i =
g−1∑
n=0
fˆnU
f
n,i + [massive modes], (8)
where fˆα+i (i = 0, 1, 2, · · · ) are the components of the positive field Fˆ whose lowest weight
is α, fˆ c−α−i are only massive modes, and U
f
n,i is referred to as the mixing coefficient of
the matter field Fˆ . The coefficient represents the relation between the eigenstates of the
third component generator of SU(1, 1) and mass eigenstates of massless modes.
Let us calculate the mass term of the superpotential in Eq. (7) at the vacuum to
obtain the massless and chiral matter fields. Substituting the modes in Eq. (8) for the
superpotential in Eq. (7), we obtain
W |Ψ=〈Ψ〉 = xFˆ Fˆ c〈Ψˆ〉+ x′Fˆ Fˆ c〈Ψˆ′〉
=
∞∑
i=0
(
xDα,α,Si,i 〈ψ0〉fˆα+ifˆ c−α−i + x′Dα,α,S
′
i,i+g 〈ψ′−g〉fˆα+i+gfˆ c−α−i
)
=
∞∑
i=0
fˆn
(
xDα,α,Si,i 〈ψ0〉Ufn,i + x′Dα,α,S
′
i,i+g 〈ψ′−g〉Ufn,i+g
)
fˆ c−α−i + [massive modes],
(9)
where Dα,α,Si,i and D
α,α,S′
i,i+g are CGCs of the positive-negative-finite field coupling defined
in Eq. (3).
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Figure 1: An example for the three massless generation case assuming the VEVs 〈ψ0〉 = 0
and 〈ψ′−g〉 6= 0 and g = 3 in Eq. (9): the components fˆα, fˆα+1 and fˆα of the matter field
Fˆ are massless, and the other components of Fˆ and all the components of Fˆ c are massive,
where the massless modes are surround by a circle, and the components fˆα+3+i and fˆ
c
−α−i
(i = 0, 1, 2, · · · ) of the matter fields Fˆ and Fˆ c connected by a solid line have a mass term
that comes from the VEV 〈ψ′−3〉.
The massless modes fˆn are extracted from the component fˆα+i of the matter field
Fˆ . The orthogonality of the massless modes fˆn to the massive modes fˆ
c
−α−i requires the
coefficients Ufn,i to satisfy the recursion equation
x〈ψ0〉Dα,α,Si,i Ufn,i + x′〈ψ′−g〉Dα,α,S
′
i,i+g U
f
n,i+g = 0. (10)
This equation gives the mixing coefficients
Ufn,i = U
f
n
∞∑
s=0
δi,n+gs(−ǫ)sbfn,s, ǫ =
x〈ψ0〉
x′〈ψ′−g〉
, bfn,s =
s−1∏
r=0
Dα,α,Sgr+n,gr+n
Dα,α,S
′
gr+n,g(r+1)+n
, (11)
where n = 0, 1, 2, · · ·g − 1, and the parameter ǫ depends on the couplings and the VEVs.
The bfn,s is determined by the weights of the SU(1, 1) α and S, where b
f
n,0 := 1.
To understand the meaning of the mixing coefficient in Eq. (11), we first examine
two extreme cases of VEVs; 〈ψ0〉 = 0 and 〈ψ′−g〉 6= 0; and 〈ψ0〉 6= 0 and 〈ψ′−g〉 = 0.
In the case of the VEVs 〈ψ0〉 = 0 and 〈ψ′−g〉 6= 0, the recursion equation in Eq. (10)
constrains the mixing coefficients Ufn,i+g = 0 (i = 0, 1, 2, · · · ) and does not determine Ufn,k
(k = 1, 2, · · · , g − 1), and we take a normalization condition Ufn,i = δn,i. This means
that the component fˆα+n (n = 0, 1, · · · , g − 1) can be identified as its corresponding
massless mode fˆn. For example, for g = 3, from Fig. 1, since the components fˆα, fˆα+1
and fˆα+2 do not have any mass term, they are massless. The other components fˆα+3+i and
fˆ c−α−i (i = 0, 1, 2, · · · ) have a corresponding mass x′Dα,α,S
′
i,i+3 〈ψ′−3〉, they are massive. Three
massless modes appear, and they can be identified as fˆ0 = fˆα, fˆ1 = fˆα+1 and fˆ2 = fˆα+2.
Next, in the case of the VEVs 〈ψ0〉 6= 0 and 〈ψ′−g〉 = 0, the recursion equation in Eq. (10)
determines the mixing coefficients satisfying Ufn,i = 0 (i = 0, 1, 2, · · · ) and from Fig. 2,
since all the components fˆα+i and fˆ
c
−α−i have a mass term, no massless modes emerge.
Let us move on to the case of the VEVs 〈ψ0〉 6= 0 and 〈ψ′−g〉 6= 0 in Eqs. (10) and
(11). From the above consideration for the cases of 〈ψ0〉 = 0 or 〈ψ′−g〉 = 0, in the
case of the VEVs 〈ψ0〉 6= 0 and 〈ψ′−g〉 6= 0, we expect that the massless mode fˆn (n =
0, 1, · · · , g− 1) that is realized by certain linear combinations of the components fˆα+gk+n
(k = 1, 2, · · · ) appears as in Fig. 3 or no massless mode appears as in Fig. 4. In fact the
realization of the massless modes fˆn (n = 0, 1, · · · , g−1) requires a normalizable condition∑∞
i=0 |Ufn,i|2 < ∞; if this condition is not satisfied, the massless modes fˆn are illusions
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Figure 2: An example for the no massless generation case assuming the VEVs 〈ψ0〉 6= 0
and 〈ψ′−g〉 = 0 in Eq. (9): all the components of the matter fields Fˆ and Fˆ c are massive,
where all the components fˆα+i and fˆ
c
−α−i (i = 0, 1, 2, · · · ) of the matter fields Fˆ and Fˆ c
connected by a solid line have a mass term that comes from the VEV 〈ψ0〉.
Figure 3: An example for the three massless generation case g = 3 in Eq. (9): each massless
mode fˆn (n = 0, 1, 2) is realized by certain linear combinations of the components fˆα+3k+n
(k = 1, 2, · · · ), and the constructional element of each massless mode is determined by its
mixing coefficients Ufn,n+3k given in Eq. (11), where the components of the matter fields
Fˆ and Fˆ c connected by solid and dashed lines have mass terms that come from the VEVs
〈ψ′−3〉 and 〈ψ0〉, respectively, and the mass term of the solid line that comes from the
VEV 〈ψ′−3〉 dominantly contributes to whether massless modes appear or not.
without any physical reality. Since the mixing coefficients in Eq. (11) are a geometric
series, the requirement of the normalizable condition corresponds to the condition
lim
i→∞
∣∣∣∣∣U
f
n,i+g
Ufn,i
∣∣∣∣∣ < 1. (12)
By using the asymptotic behavior of the CGC Dβ,α,Sj,i in Eq. (4), we find
lim
i→∞
[∣∣∣∣∣U
f
n,i+g
Ufn,i
∣∣∣∣∣−
∣∣∣∣ ǫǫcr
∣∣∣∣ iS−S′
]
= 0, (13)
where ǫcr is a constant that is dependent on the SU(1, 1) spins and the number of gener-
ations and is independent of the component i. Thus, the requirement of the normalizable
condition is dominantly determined by the relation between the SU(1, 1) spins S and S ′
and subdominantly depends on the relation between ǫ and ǫcr.
Whether massless generations appear or not can be classified into three types by using
the SU(1, 1) spins S and S ′ of the structure fields Ψˆ and Ψˆ′, respectively: S > S ′, S < S ′
and S = S. First, for S > S ′, since limi→∞ |Ufn,i+g/Ufn,i| = 0, the normalizable condition in
Eq. (12) is always satisfied. Thus, the massless modes fˆn appear as in Fig. 3 for any value
of the parameter ǫ. Next, for S < S ′, since limi→∞ |Ufn,i+g/Ufn,i| = ∞, the normalizable
condition in Eq. (12) is not satisfied. Thus, no massless mode appear as in Fig. 4 for
any value of the parameter ǫ. Finally, for S = S ′, whether the normalizable condition
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Figure 4: An example for the no massless generation case g = 3 in Eq. (9), where the
components of the matter fields Fˆ and Fˆ c connected by solid and dashed lines have mass
terms that comes from the VEVs 〈ψ0〉 and 〈ψ′−3〉, respectively, and the mass term of
the solid line that comes from the VEV 〈ψ0〉 dominantly contributes to whether massless
modes appear or not.
is satisfied and which situation occurs as in Fig. 3 or Fig. 4 depend on the parameter ǫ
because limi→∞ |Ufn,i+g/Ufn,i| = |ǫ/ǫcr|. The condition S = S ′ is referred to as a marginal
assignment. The critical value ǫcr can be calculated by using the mixing coefficient in
Eq. (11) and the asymptotic form of the CGC Dβ,α,Sj,i in Eq. (4); the parameter ǫ must
satisfy the constraint
|ǫ| < ǫcr =
√
S!S!
(S + g)!(S − g)! (14)
to produce the massless modes fˆn.
The chiral nature of supersymmetry plays an important role in this model. If the model
is not based on supersymmetry and matter fields F and F c are spin-1/2 fermions and a
structure field Ψ′ is a spin-0 boson, then a Yukawa coupling term FF cΨ′ is allowed by
gauge symmetry and the conjugate term FF cΨ′† is also permitted because the structure
field Ψ′ belongs to the real representation of SU(1, 1). The latter term destroys the chiral
structures and all massless modes disappear at low energy. Supersymmetry naturally
forbids the latter coupling by its chiral nature.
3.2 One Structure Field with an Integer Spin and One with a
Half-Integer Spin
Let us start to discuss the structures of the massless modes in a model with structure fields
with an integer spin and a half-integer spin. We introduce an additional set of the matter
fields Fˆ ′ and Fˆ ′c with the lowest weight α′ and the highest weight −α′, respectively. We
choose the value
q := α′ − α (15)
to be a positive half-integer. We suppose that massless generations are realized as a linear
combination of the components of the matter fields Fˆ and Fˆ ′
fˆα+i =
∑
n=0
fˆnU
f
n,i + [massive modes], fˆ
′
α′+i =
∑
n=0
fˆnU
f ′
n,i + [massive modes], (16)
and the conjugate fields fˆ c−α−i and fˆ
′c
−α′−i do not include these massless modes, where n is
a label of these massless modes. We also introduce two structure fields Φˆ and Ψˆ with an
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SU(1, 1) integer spin S and an SU(1, 1) half-integer spin S ′, respectively. They couple to
the matter fields in the following form
W = xFˆ Fˆ cΦˆ + x′Fˆ ′Fˆ ′cΦˆ + zFˆ ′Fˆ cΨˆ + z′Fˆ Fˆ ′cΨˆ, (17)
where x, x′, z, z′ are coupling constants and q must be less than or equal to S ′ (q ≤ S ′) to
realize the superpotential.
We discuss how many generations of matter fields fˆn are produced from a double
matter sector through the superpotential in Eq. (17). We assume that the 0th and −pth
(p > 0) components of the structure fields Φˆ and Ψˆ acquire non-vanishing VEVs:
〈Φˆ〉 = 〈φ0〉, 〈Ψˆ〉 = 〈ψ−p〉, (18)
where p must be less than or equal to S ′ (p ≤ S ′).
We calculate the mass term of the superpotential in Eq. (17) to confirm how much
massless matter emerges in the low energy physics. By substituting the expressions in
Eq. (18) into the mass term in Eq. (17) at the vacuum, we have
W |Ψ=〈Ψ〉 = xFˆ Fˆ c〈Φˆ〉+ x′Fˆ ′Fˆ ′c〈Φˆ〉+ zFˆ ′Fˆ c〈Ψˆ〉+ z′Fˆ Fˆ ′c〈Ψˆ〉
=
∞∑
i=0
[
xDα,α,Si,i 〈φ0〉fˆα+ifˆ c−α−i + x′Dα
′,α′,S
i,i 〈φ0〉fˆ ′α′+ifˆ ′c−α′−i
+ zDα,α
′,S′
i,i+p−q〈ψ−p〉fˆ ′α′+i+p−qfˆ c−α−i + z′Dα
′,α,S′
i,i+p+q〈ψ−p〉fˆα+i+p+qfˆ ′c−α′−i
]
=
∑
n=0
∞∑
i=0
[
fˆn
(
xDα,α,Si,i 〈φ0〉Ufn,i + zDα,α
′,S′
i,i+p−q〈ψ−p〉Uf ′n,i+p−q
)
fˆ c−α−i
+ fˆn
(
x′Dα
′,α′,S
i,i 〈φ0〉Uf ′n,i + z′Dα
′,α,S′
i,i+p+q〈ψ−p〉Ufn,i+p+q
)
fˆ ′c−α′−i + [massive modes]
]
.
(19)
The emergence of the massless modes fˆn requires that the coefficients of the terms of
the massless modes fˆn coupling to the massive modes fˆ
c
−α−n and fˆ
′c
−α−n must vanish
simultaneously:
xDα,α,Si,i 〈φ0〉Ufn,i + zDα,α
′,S′
i,i+p−q〈ψ−p〉Uf ′n,i+p−q = 0, (20)
x′Dα
′,α′,S
i,i 〈φ0〉Uf ′n,i + z′Dα
′,α,S′
i,i+p+q〈ψ−p〉Ufn,i+p+q = 0. (21)
These recursion equations lead to the mixing coefficients
Ufn,i = U
f
n,ℓ
∞∑
s=0
δi,ℓ+2psǫ
sbfℓ,s, b
f
ℓ,s =
s−1∏
r=0
Dα,α,Sℓ+2pr,ℓ+2prD
α′,α′,S
ℓ+2pr+p−q,ℓ+2pr+p−q
Dα
′,α,S′
ℓ+2pr+p−q,ℓ+2p(r+1)D
α,α′,S′
ℓ+2pr,ℓ+2pr+p−q
, ǫ =
xx′〈φ0〉2
zz′〈ψ−p〉2 ,
(22)
Uf ′n,j = U
f ′
n,ℓ′
∞∑
s=0
δj,ℓ′+2psǫ
sbf ′ℓ′,s, b
f ′
ℓ′,s =
s−1∏
r=0
Dα
′,α′,S
ℓ′+2pr,ℓ′+2prD
α,α,S
ℓ′+2pr+p+q,ℓ′+2pr+p+q
Dα
′,α,S′
ℓ′+2pr,ℓ′+2pr+p+qD
α,α′,S′
ℓ′+2pr+p+q,ℓ′+2p(r+1)
, (23)
where ℓ and ℓ′ are defined as the lowest states of the matter fields Fˆ and Fˆ ′ of each
massless mode, and b
f(′)
ℓ(′),0
= 1.
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We must determine the relation between the initial conditions Ufn,ℓ and U
f ′
n,ℓ′. The
relation can be classified into three conditions: Type-I, p > q; Type-II, p = q; and Type-
III, p < q. For the Type-I condition p > q, n is defined as n = ℓ = ℓ′ − p + q (mod. 2p).
More precisely, the relation between p and q determines the one between ℓ and ℓ′, and
each massless mode related with ℓ and ℓ′ is labeled as n. The initial conditions are given
by
Uf ′n,n+p−q = −
x〈φ0〉
z〈ψ−p〉
Dα,α,Sn,n
Dα,α
′,S′
n,n+p−q
Ufn,n, U
f
n,n = −
x′〈φ0〉
z′〈ψ−p〉
Dα
′,α′,S
n−p−q,n−p−q
Dα
′,α,S′
n−p−q,n
Uf ′n,n−p−q. (24)
In that case, the 2p massless modes fn (n = 0, 1, · · ·2p− 1) can arise at low energy. For
the Type-II condition p = q, n is defined as n = ℓ = ℓ′. The initial conditions are given
by
Uf ′n,n = −
x〈φ0〉
z〈ψ−p〉
Dα,α,Sn,n
Dα,α
′,S′
n,n
Ufn,n. (25)
The same as for the Type-I condition, the 2p massless modes fn can arise at low energy.
For the Type-III condition p < q, n is defined as n = ℓ+ p− q = ℓ′. The initial conditions
are given by
Uf ′n,n = −
x〈φ0〉
z〈ψ−p〉
Dα,α,Sn−p+q,n−p+q
Dα,α
′,S′
n−p+q,n
Ufn,n−p+q. (26)
The same as for the Type-I and -II conditions, the 2p massless modes fn can arise at
low energy. The components fˆα+k (k = 0, 1, · · · , q − p − 1) of the matter field Fˆ do not
contain any massless modes.
To clarify the meaning of the above mixing coefficients and the relation between their
initial conditions, we give examples of Type-I p = 3/2 > q = 1/2, Type-II p = q = 3/2 and
Type-III p = 3/2 < q = 5/2 for the three massless generation case in Eq. (19). First, for
p = 3/2 and q = 1/2 from Fig. 5, we find that the components fˆα and fˆα+1 of the matter
field Fˆ and the component fˆ ′α′ of the matter field Fˆ
′ are a main element of massless modes
fˆ0, fˆ1 and fˆ2, respectively; a massless mode fˆ0 is realized by a certain linear combination
of the components fˆα+3k and fˆ
′
α′+1+3k (k = 1, 2, · · · ), and the constructional element of the
massless mode is determined by its mixing coefficients Uf0,3k and U
f ′
0,3k+1 given in Eqs. (22),
(23) and (24); another massless mode fˆ1 is realized by a certain linear combination of the
components fˆα+3k+1 and fˆ
′
α′+2+3k, and the element of the massless mode is determined
by its mixing coefficients Uf1,3k+1 and U
f ′
1,3k+2; and the other massless mode fˆ2 is realized
by a certain linear combination of the components fˆ ′α′+3k and fˆα+3k+2, and the element
of the massless mode is determined by its mixing coefficients Uf ′2,3k and U
f
2,3k+2. Next, for
p = q = 3/2 from Fig. 6, we find that each component fˆα+n (n = 0, 1, 2) of the matter
field Fˆ is a main element of each massless mode fˆn; each massless mode fˆn is realized by
a certain linear combination of the components fˆα+3k+n and fˆ
′
α′+3k+n (k = 1, 2, · · · ), and
the constructional element of its massless mode is determined by its mixing coefficients
Ufn,3k+n and U
f ′
n,3k+n given in Eqs. (22), (23) and (25). Finally, for p = 3/2 and q = 5/2
from Fig. 7, we find that each component fˆα+n+1 of the matter field Fˆ is a main element of
each massless mode fˆn; each massless mode fˆn is realized by a certain linear combination
of the components fˆα+3k+n+1 and fˆ
′
α′+3k+n (k = 1, 2, · · · ), and the constructional element
of its massless mode is determined by its mixing coefficients Ufn,3k+n+1 and U
f ′
n,3k+n given
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Figure 5: An example of Type-I p = 3/2 > q = 1/2 for the three massless generation case
in Eq. (19): a massless mode fˆ0 is realized by certain linear combinations of the compo-
nents fˆα+3k and fˆ
′
α′+1+3k (k = 1, 2, · · · ), and the constructional element of the massless
mode is determined by its mixing coefficients Uf0,3k and U
f ′
0,3k+1 given in Eqs. (22), (23) and
(24); and etc., where a main element of each massless chiral mode is surround by a circle,
and the components of the matter fields Fˆ , Fˆ c, Fˆ ′ and Fˆ ′c connected by solid and dashed
lines have a mass term that comes from the VEVs 〈ψ−3/2〉 and 〈φ0〉, respectively, and the
mass term of the solid line that comes from the VEV 〈ψ−3/2〉 dominantly contributes to
whether massless modes appear or not.
Figure 6: An example of Type-II p = q = 3/2 for the three massless generation case in
Eq. (19): each massless mode fˆn is realized by a certain linear combination of the compo-
nents fˆα+3k+n and fˆ
′
α′+3k+n (k = 1, 2, · · · ), and the constructional element of its massless
mode is determined by its mixing coefficients Ufn,3k+n and U
f ′
n,3k+n given in Eqs. (22), (23)
and (25), where the explanation of the circle and lines is given in Fig. 5.
10
Figure 7: An example of Type-III p = 3/2 < q = 5/2 for the three massless generation
case in Eq. (19): each massless mode fˆn is realized by a certain linear combination of
the components fˆα+3k+n+1 and fˆ
′
α′+3k+n (k = 1, 2, · · · ), and the constructional element of
its massless mode is determined by its mixing coefficients Ufn,3k+n+1 and U
f ′
n,3k+n given in
Eqs. (22), (23) and (26), where the explanation of the circle and lines is given in Fig. 5.
in Eqs. (22), (23) and (26). Since the isolated components fˆα and fˆ
c
−α have only a mass
term from the VEV 〈φ0〉, they are massive.
Regardless of these three types of conditions, the 2pmassless modes fn (n = 0, 1, · · ·2p−
1) can arise at low energy because the initial value of Ufn,ℓ or U
f ′
n,ℓ′ determines U
f
n,i and U
f ′
n,j
completely. For p = 1/2, 3/2, 5/2, · · · , S ′, we can get 1, 3, 5, · · · , 2S ′ chiral generations.
This means that only odd number generations are allowed. Especially, if S ′ = 3/2 only
one or three generations are allowed.
The remaining task is to verify the normalizable condition of the mixing coefficients
Ufn,i and U
f ′
n,j. Any massless mode fˆn (n = 0, 1, 2, · · · , 2p − 1) must satisfy the normal-
ization conditions
∑∞
s=0 U
f
n,ℓ+2ps <∞ and
∑∞
s=0 U
f ′
n,ℓ′+2ps <∞. This requirement leads to
the conditions
lim
i→∞
∣∣∣∣∣U
f
n,i+2p
Ufn,i
∣∣∣∣∣ < 1 and limi→∞
∣∣∣∣∣U
f ′
n,i+2p
Uf ′n,i
∣∣∣∣∣ < 1. (27)
As we discussed before, by using the asymptotic behavior of the CGC Dα,β,Si,j ∼ iS given
by Eq. (4), for S < S ′,
∑∞
s=0 |Ufn,ℓ+2ps|2 and
∑∞
s=0 |Uf ′n,ℓ′+2ps|2 converge, and then these
massless particles appear at low energy; For S > S ′,
∑∞
k=0 |Ufn,ℓ+2pk|2 and
∑∞
s=0 |Uf ′n,ℓ′+2ps|2
diverge, and the massless ones do not emerge at low energy. This setup cannot satisfy
the marginal assignment S = S ′ because any integer S is not equal to the half-integer S ′.
We take a phase convention for the massless modes fn so that each larger initial mixing
coefficient is real and positive.
4 Structures of Yukawa Coupling Constants
Let us investigate structures of Yukawa coupling constants governed by the horizontal
symmetry SU(1, 1). We first introduce three matter fields Fˆ and Gˆ with the lowest
weight +α and +β, and Hˆ with the highest weight −γ, where these weights must satisfy
a weight condition ∆ := γ − α − β, and ∆ is a non-negative integer number. Here we
11
consider a Yukawa coupling superpotential term
WYukawa = yFˆ GˆHˆ, (28)
where y is a dimensionless coupling constant. We suppose that the matter fields Fˆ and
Gˆ include three generations and the matter field Hˆ includes only one generation, and the
mixing coefficient forms are given by
fˆα+i =
2∑
m=0
fˆmU
f
m,i + [· · · ], gˆβ+i =
2∑
m=0
gˆmU
g
m,i + [· · · ], hˆ−γ−i = hˆUhi + [· · · ], (29)
where m = 0, 1, 2, and [· · · ] represents the corresponding massive modes. The explicit
expressions for the mixing coefficients Ufm,i, U
g
m,i and U
h
i are determined by the mecha-
nism of the spontaneous generation of generations as we have discussed in §3. Since the
multiplets Fˆ , Gˆ and Hˆ are unitary representations of SU(1, 1), all coefficients U should
be row vectors in unitary matrices, and then they satisfy
∑∞
i=0 U
f∗
m,iU
f
n,i = δmn and so on.
The Yukawa coupling constants of the massless mode hˆ coupling to fˆn and gˆn are
derived by extracting the massless modes from the term in Eq. (28)
WYukawa =
2∑
m,n=0
ymnfˆmgˆnhˆ, (30)
where ymn are the coupling constants. By using the CGC in Eq. (6), the coupling matrix
ymn is given by
ymn = y
∞∑
i,j=0
Cα,β,∆i,j U
f
m,iU
g
n,jU
h
i+j−∆, (31)
where the mixing coefficients Uf,gm,i and U
h
i are determined by the SU(1, 1) CGCs, the
VEVs of structure fields, and the corresponding coupling constants as we discussed in the
previous section.
In the rest of this section, we first review the structures of the Yukawa couplings
derived from the mixing coefficients of two structure fields with an integer spin, which is
discussed in Ref. [18, 23]. We discuss the Yukawa coupling structures determined by the
mixing coefficients of one structure field with an integer spin and one with a half-integer
spin.
4.1 Two Structure Fields with an Integer Spin
Let us examine the structures of Yukawa couplings given by the form of the mixing
coefficients in Eq. (11) from two structure fields with integer spins as in Fig. 3. In this
case, the mixing coefficients are given by
Ufn,i = U
f
n
∞∑
s=0
δj,n+3s(−ǫF )sbfm,s, ǫF =
xF 〈ψF0〉
x′F 〈ψ′F−3〉
, bfn,s =
s−1∏
r=0
Dα,α,SF3r+n,3r+n
D
α,α,S′
F
3r+n,3(r+1)+n
, (32)
Ugn,i = U
g
n
∞∑
s=0
δi,n+3s(−ǫG)sbgm,s, ǫG =
xG〈ψG0〉
x′G〈ψ′G−3〉
, bgn,s =
s−1∏
r=0
Dβ,β,SG3r+n,3r+n
D
β,β,S′
G
3r+n,3(r+1)+n
, (33)
Uhi = U
h
0 (−ǫH)ibhi , ǫH =
xH〈ψH0〉
x′H〈ψ′H+1〉
, bhi =
i−1∏
r=0
Dγ,γ,SHr,r
D
γ,γ,S′
H
r,r+1
, (34)
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where the subscripts F,G,H and the superscripts f, g, h represent the matter fields
Fˆ , Gˆ, Hˆ. From the mixing coefficients in Eqs. (32)-(34), the Yukawa coupling in Eq. (31)
is in the form
ymn = yUfmU
g
nU
h
0
∞∑
r,s=0
(ǫF ǫ
3
H)
r(ǫGǫ
3
H)
s(−ǫH)m+n−∆Cα,β,∆m+3r,n+3sbfm,rbgn,sbhm+n−∆+3(r+s), (35)
where ∆ := γ − α− β.
We consider the contribution of the nonzero s and/or r terms for the Yukawa coupling
in Eq. (35). The asymptotic behavior of Dβ,α,Sj,i for the large S limit with |i− j| fixed,
Dβ,α,Sj,i ≃ (−i)iSi+j+α+β−1
1√
i!j!Γ(2α + i)Γ(2β + j)
, (36)
leads to
bfn,s ≃
s−1∏
r=0
(SF )
6r+2n+2α−1
(S ′F )6r+2n+2α+2
√
(3r + n + 3)!Γ(2α+ 3r + n + 3)
(3r + n)!Γ(2α + 3r + n)
,
bhi ≃
i−1∏
r=0
(SH)
2r+2γ−1
(S ′H)2r+2γ
√
(r + 1)(2γ + r), (37)
where bgn,s is given by replacing F and α in b
f
n,s by G and β. Note that we only consider
the cases with SF ≤ S ′F , SG ≤ S ′G and SH ≤ S ′H because each massless mode is absent
in the cases with SF > S
′
F , SG > S
′
G, and SH > S
′
H , and there are no Yukawa couplings
between massless modes. The bfn,s quickly decreases as the SU(1, 1) spin becomes large, so
the contribution from the nonzero s and/or r terms is negligible. Next we consider cases
with smaller SU(1, 1) spins, where S ′F and S
′
G must be larger than or equal to three, and
S ′H must be larger than or equal to one due to the existence of the nonvanishing VEVs
of the structure fields. For SF < S
′
F , SG < S
′
G and SH < S
′
H , typical weights α, β and γ
give bfn,0 ≫ bfn,1 ≫ · · · , bgn,0 ≫ bgn,1 ≫ · · · and bhn ≫ bhn+3 ≫ · · · , respectively. Thus, even
if |ǫF | and |ǫG| ≃ 1, the contribution of the terms (r+ s > 0) in Eq. (35) is negligible. For
SF = S
′
F , SG = S
′
G and SH = S
′
H , b
f
n,0 ≃ bfn,1 ≃ · · · , bgn,0 ≃ bgn,1 ≃ · · · and bhn ≃ bhn+3 ≃ · · · ,
respectively, but Cα,β,∆i,j > C
α,β,∆
i+3,j ≃ Cα,β,∆i,j+3 > Cα,β,∆i+3,j+3 > · · · and the parameters ǫ must
satisfy the relations ǫF,G < ǫ
g=3
F,Gcr and ǫH < ǫ
g=1
Hcr to produce each corresponding massless
mode, where 1/
√
20
∣∣
SF,G=S′F,G=3
≤ ǫg=3F,Gcr < 1|SF,G=S′F,G→∞ and 1/
√
2
∣∣
SH=S′H=1
≤ ǫg=1Hcr <
1|SH=S′H→∞ from Eq. (14). Thus, we can neglect the contributions from the nonzero s
and/or r terms in Eq. (35) as long as the corresponding s = r = 0 term exists. That is we
can use the mixing coefficients of three generations in Fig. 1 instead of the ones in Fig. 3.
When ∆ > 0, some matrix elements have no contribution from the s = r = 0 term. For
example, for ∆ = 1, the (r, s) = 0 term of y00 is not allowed and the (r, s) = (1, 0), (0, 1)
terms dominantly contribute to this matrix. In the following discussion, we analyze
Yukawa matrices for the s = r = 0 term in Eq. (35)
ymn = yUfmU
g
nU
h
0 (−ǫH)m+n−∆Cα,β,∆m,n bhm+n−∆. (38)
Let us examine this structure for large SU(1, 1) spin S ′H . In this case, since b
h
i ≃ 0
for (i ≥ 1), Uhi ≃ δi,0. Thus, the massless mode hˆ emerges as the pure 0th component of
hˆ−γ−i. For ∆ ≥ 0, the Yukawa coupling matrix is ymn = yCα,β,∆m,n δm+n−∆,0. For ∆ = 0, 4,
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the rank of this matrix is one, and only one generation of each of fˆm and gˆn has a mass
when hˆ has a nonvanishing VEV. For ∆ = 1, 3, the rank of this matrix is two, and two
generations of fˆm and gˆn have degenerate masses. For ∆ = 2, the rank of this matrix is
three, and three generations of fˆm and gˆn have almost degenerate masses. For ∆ ≥ 5,
there is no Yukawa coupling.
Let us begin to analyze the structure of the Yukawa couplings in Eq. (38) for small
S ′H . We here concentrate our discussion on the ∆ = 0 case. To examine this pattern, it
is convenient to introduce the normalized matrix y˜mn := ymn/y00. By using the CGC in
Eq. (6), the normalized matrix y˜mn is given by
y˜mn :=
ymn
y00
= U˜fmU˜
g
nǫ
m+n
H
√
(m+ n)!
m!n!
Γ(2γ)Γ(2α+m)Γ(2β + n)
Γ(2γ +m+ n)Γ(2α)Γ(2β)
bhm+n, (39)
where bh0 = 1, U˜
f
m := U
f
m/U
f
0 , and U˜
g
n := U
g
n/U
g
0 . The explicit form is
y˜mn =


1 U˜g1 ǫH
√
β
γ
bh1 U˜
g
2 ǫ
2
H
√
(2β+1)β
(2γ+1)γ
bh2
U˜f1 ǫH
√
α
γ
bh1 U˜
f
1 U˜
g
1 ǫ
2
H
√
4αβ
(2γ+1)γ
bh2 U˜
f
1 U˜
g
2 ǫ
3
H
√
3(2β+1)αβ
γ(γ+1)(2γ+1)
bh3
U˜f2 ǫ
2
H
√
(2α+1)α
(2γ+1)γ
bh2 U˜
f
2 U˜
g
1 ǫ
3
H
√
3(2α+1)αβ
γ(γ+1)(2γ+1)
bh3 U˜
f
2 U˜
g
2 ǫ
4
H
√
6(2α+1)(2β+1)αβ
γ(γ+1)(2γ+1)(2γ+3)
bh4

 .(40)
This matrix is diagonalized by a bi-unitary transformation because it is a complex matrix:
V †y˜mnU = diag(y˜0, y˜1, y˜2), (41)
where V and U are unitary matrices.
To understand the features of the Yukawa coupling matrix in Eq. (39), we expand the
eigenvalues y˜0, y˜1,y˜2 of this type of matrix in a power series in ǫ
2
H by y˜0 = w0 + O(ǫ
2
H),
y˜1 = ǫ
2w1+O(ǫ
4
H), and y˜2 = ǫ
4w2+O(ǫ
6
H). The leading terms have the expressions w0 =
y˜00, ǫ2w1 = det(y˜
mn)2×2/y˜00, and ǫ4w2 = det(y˜mn)3×3/det(y˜mn)2×2, where det(y˜mn)2×2 :=
y˜00y˜11− y˜01y˜10, and det(y˜mn)3×3 := y˜22(y˜00y˜11− y˜01y˜10)− y˜21(y˜00y˜12− y˜10y˜02)− y˜20(y˜11y˜02−
y˜01y˜12). The straightforward calculation gives the expressions of y˜0, y˜1, y˜2 in the forms
y˜0 = 1 +O(ǫ
2
H),
y˜1 = ǫ
2
H
√
αβ
(2γ + 1)γ
U˜f1 U˜
g
1 Xγ +O(ǫ
4
H),
y˜2 = ǫ
4
H
√
6αβ(2α+ 1)(2β + 1)
γ(γ + 1)(2γ + 1)(2γ + 3)
U˜f2 U˜
g
2
Zγ
Xγ
+O(ǫ6H), (42)
where the Xγ and Zγ only depend on the representations of SU(1, 1):
Xγ :=2b
h
2 − bh21
√
2γ + 1
γ
, (43)
Zγ :=2b
h
2b
h
4 + 2b
h
1b
h
2b
h
3
√
2γ + 3
2γ
− 3bh23
√
2γ + 3
6(γ + 1)
− 2bh32
√
(γ + 1)(2γ + 3)
6γ(2γ + 1)
− bh21 bh4
√
2γ + 1
γ
. (44)
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In this case, the unitary matrices U and V are approximately expressed by
U ≃


1 −ǫHU˜g1
√
β
γ b
h
1 −ǫ2HU˜g2
√
4β(2β+1)
2γ+1
bh22 −
√
3β(2β+1)
γ+1
bh1 b
h
3
2
√
γbh2−
√
2γ+1bh21
ǫHU˜
g
1
√
β
γ b
h
1 1 −ǫH U˜
g
2
U˜g1
√
3(2β+1)γ
γ+1
bh3−
√
2β+1bh1 b
h
2
2
√
γbh2−
√
2γ+1bh21
ǫ2HU˜
g
2
√
(2β+1)β
(2γ+1)γ b
h
2 ǫH
U˜g2
U˜g1
√
3(2β+1)γ
γ+1
bh3−
√
2β+1bh1 b
h
2
2
√
γbh2−
√
2γ+1bh21
1


,
(45)
V ≃


1 −ǫHU˜f1
√
α
γ b
h
1 −ǫ2HU˜f2
√
4α(2α+1)
2γ+1
bh22 −
√
3α(2α+1)
γ+1
bh1 b
h
3
2
√
γbh2−
√
2γ+1bh21
ǫHU˜
f
1
√
α
γ b
h
1 1 −ǫH U˜
f
2
U˜f1
√
3(2α+1)γ
γ+1
bh3−
√
2α+1bh1 b
h
2
2
√
γbh2−
√
2γ+1bh21
ǫ2HU˜
f
2
√
(2α+1)α
(2γ+1)γ b
h
2 ǫH
U˜f2
U˜f1
√
3(2α+1)γ
γ+1
bh3−
√
2α+1bh1 b
h
2
2
√
γbh2−
√
2γ+1bh21
1


.
(46)
To understand the hierarchical pattern, it is useful to see some examples. A set of
SU(1, 1) spins (SH , S
′
H) = (0, 1) determines the b
h
i in Eq. (34) given by
bhi =
√
Γ(2γ)
2ii!Γ(2γ + i)
. (47)
This leads to
y˜0 = 1 +O(ǫ
2
H),
y˜1 = −ǫ2H
√
αβ
2γ2(2γ + 1)
+O(ǫ4H),
y˜2 = ǫ
4
H
√
αβ(2α+ 1)(2β + 1)
4γ3(γ + 1)2(2γ + 1)2(2γ + 3)
+O(ǫ6H). (48)
We can easily calculate the eigenvalues for some weight sets: For the weight set α =
β = γ/2 = 1/2, y˜0 = 1 + O(ǫ
2
H), y˜1 = −ǫ2H/12 + O(ǫ4H), and y˜2 = ǫ4H/720 + O(ǫ6H). For
α = β = γ/2 = 1, y˜0 = 1+O(ǫ
2
H), y˜1 = −ǫ2H/40+O(ǫ4H), and y˜2 = ǫ4H/16800+O(ǫ6H). For
α = β = γ/2 = 2, y˜0 = 1 +O(ǫ
2
H), y˜1 = −ǫ2H/144 +O(ǫ4H), and y˜2 = ǫ4H/570240 +O(ǫ6H).
For α = β = γ/2 → ∞, y˜0 ≃ 1, y˜1 ≃ 0, and y˜2 ≃ 0. Another set of SU(1, 1) spins
(SH , S
′
H) = (1, 1) provides the b
h
i given by
bhi =
√
2iΓ(2γ)
i!Γ(2γ + i)
Γ(γ + i)
Γ(γ)
(49)
and this gives
y˜0 = 1 +O(ǫ
2
H),
y˜1 = −ǫ2H
√
αβ
2(2γ + 1)
+O(ǫ4H),
y˜2 = ǫ
4
H
γ
√
αβ(2α+ 1)(2β + 1)
4(2γ + 1)2(2γ + 3)
+O(ǫ6H). (50)
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We also give the eigenvalues for some weight sets: For the weight set α = β = γ/2 = 1/2,
y˜0 = 1 + O(ǫ
2
H), y˜1 = ǫ
2
H/12 + O(ǫ
4
H), and y˜2 = ǫ
4
H/180 + O(ǫ
6
H). For α = β = γ/2 = 1,
y˜0 = 1 +O(ǫ
2
H), y˜1 = ǫ
2
H/10 + O(ǫ
4
H), and y˜2 = 3ǫ
4
H/700 + O(ǫ
6
H). For α = β = γ/2 = 2,
y˜0 = 1+O(ǫ
2
H), y˜1 = ǫ
2
H/9+O(ǫ
4
H), and y˜2 = 10ǫ
4
H/891+O(ǫ
6
H). For α = β = γ/2→∞,
y˜0 = 1 + O(ǫ
2
H), y˜1 = ǫ
2
H/8 + O(ǫ
4
H), and y˜2 = ǫ
4
H/64 + O(ǫ
6
H). From the above, we
determine that for the marginal assignment (SH = S
′
H) the eigenvalues of the Yukawa
coupling constants are relatively stable with respect to changing the weights, but for the
other assignments (SH < S
′
H) they are very sensitive.
We now summarize the results of this part. For SH < S
′
H , as the weight γ increases,
the eigenvalues y˜1 and y˜2 decrease. For γ →∞, y˜1 and y˜2 become zero. For the marginal
assignment SH = S
′
H , y˜1 and y˜2 become certain non-zero values, which depend on the
value of the SU(1, 1) spin and the weights α and β. Even in this case, for large SU(1, 1)
spin SH(= S
′
H), y1 and y2 become zero. The mass parameters at the GUT scale in the
MSSM are given by Ref. [24] for several values of tan β by using the renormalization group
equations of the two-loop gauge couplings and the two-loop Yukawa couplings assuming
an effective SUSY scale of 500 GeV. Translating these mass parameters for tanβ = 10
into coupling constants, the constants for the up-type quark, the down-type quark, and
the charged lepton are (y˜0, y˜1, y˜2) ≃ (1, 2.5×10−3, 6.7×10−6), (1, 2×10−2, 1.0×10−3), and
(1, 6× 10−2, 2.5× 10−4), respectively, and the values are almost the same for tan β = 38
and 50. When we take the value of the ǫH to range from 0.1 to 1, small SU(1, 1) spins are
preferred and small SU(1, 1) weights are also preferred except for the marginal assignment.
In this paper, we will not discuss the CKM [25, 26] and MNS matrices [27] because
these matrices are very dependent on the choice of the weights and spins of SU(1, 1),
where of course we need to set up the neutrino sector. Some discussions of the CKM and
the MNS matrices in this model can be found in Ref. [23] and [28], respectively.
4.2 One Structure Field with an Integer Spin and One with a
Half-Integer Spin
We introduce additional matter fields Fˆ ′ and Gˆ′ with the lowest weights α′ and β ′ and
Hˆ ′ with the highest weight −γ′, which have the same representations as the matter fields
Fˆ , Gˆ, Hˆ except that of SU(1, 1), respectively. In this case, some weight conditions allow
not only one Yukawa coupling superpotential term but also another. This corresponds to
the extended higgs sector discussed in Ref. [18]. One of the main aims of this paper is to
show the effects of the structure fields with half-integer spins of SU(1, 1). Thus, in this
paper we will not discuss the multi-Yukawa coupling constants and we only discuss some
examples of the structures of each Yukawa coupling constant.
We suppose that the matter fields Fˆ + Fˆ ′ and Gˆ + Gˆ′ include three generations and
the matter fields Hˆ + Hˆ ′ include only one generation and the following mixing coefficient
forms are
fˆα+i =
2∑
m=0
fˆmU
f
m,i + [· · · ], gˆβ+i =
2∑
m=0
gˆmU
g
m,i + [· · · ], hˆ−γ−i = hˆUhi + [· · · ],
fˆ ′α′+i =
2∑
m=0
fˆ ′mU
f ′
m,i + [· · · ], gˆ′β′+i =
2∑
m=0
gˆ′mU
g′
m,i + [· · · ], hˆ′−γ′−i = hˆ′Uh′i + [· · · ], (51)
where qα := α
′ − α, qβ := β ′ − β, qγ := γ′ − γ, and the qs are positive and half-integer
numbers.
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As before, we consider a superpotential term of Yukawa couplings
W = yFˆ (′)Gˆ(′)Hˆ(′) = y
∞∑
i,j=0
Cα
(′),β(′),∆
i,j fˆ
(′)
α(′)+i
gˆ
(′)
β(′)+j
hˆ
(′)
−γ(′)−i−j+∆, (52)
where ∆ := γ(′)−α(′)− β(′) and ∆ is a semi-positive integer. Fˆ (′)Gˆ(′)Hˆ(′) stands for every
combination of Fˆ (′), Gˆ(′) and Hˆ(′): i.e., Fˆ GˆHˆ , Fˆ GˆHˆ ′, Fˆ Gˆ′Hˆ , Fˆ ′GˆHˆ, Fˆ Gˆ′Hˆ ′, Fˆ ′GˆHˆ ′,
Fˆ ′Gˆ′Hˆ and Fˆ ′Gˆ′Hˆ ′. By using the mixing coefficients in Eq. (51), we determine the
Yukawa coupling constants
ymn = y
∞∑
i,j=0
Cα
(′),β(′),∆
i,j U
f(′)
m,i U
g(′)
n,j U
h(′)
i+j−∆, (53)
where U
h(′)
i+j−∆ = 0 for i+ j < ∆. When the massless modes are produced by the superpo-
tential in Eq. (17) and the mixing coefficients are of the form in Eqs. (22) and (23) with
certain initial conditions in Eqs. (24)-(26), the Yukawa coupling matrix is
ymn = yU
f(′)
m,ℓ(′)
U
g(′)
n,k(′)
U
h(′)
v(′)
∞∑
r,s=0
(ǫF ǫ
3
H)
r(ǫGǫ
3
H)
sǫℓ
(′)+k(′)−v(′)−∆
H
× Cα(′),β(′),∆
ℓ(′)+3r,k(′)+3s
b
f(′)
ℓ(′),r
b
g(′)
k(′),s
b
h(′)
ℓ(′)+k(′)−v(′)+3(r+s)−∆, (54)
where ℓ(′), k(′) and v(′) represent the components of each massless mode of Fˆ (′), Gˆ(′) and
Hˆ(′), respectively, and Uf(′)
m,ℓ(′)
, U
g(′)
n,k(′)
, and U
h(′)
v(′)
are each the initial condition of U
f(′)
m,i , U
g(′)
n,j ,
and U
h(′)
i+j−∆, respectively.
We analyze the Yukawa coupling in the case ∆ = 0 and the Type-II of Hˆ(′) (v(′) = 0)
as in Fig. 6. The mixing effect from the non-zero r and/or s terms in Eq. (54) is neglected
as before. The Yukawa coupling constant is
ymn = yU
f(′)
m,ℓ(′)
U
g(′)
n,k(′)
U
h(′)
0 ǫ
ℓ(′)+k(′)
H C
α(′),β(′),0
ℓ(′),k(′)
b
h(′)
ℓ(′)+k(′)
, (55)
where we have used b
f(′)
ℓ,0 = b
g(′)
ℓ′,0 = 1. The normalized Yukawa coupling can be defined in
the same way as in Eq. (39), and we obtain the solutions Eq. (42) except Type-I Fˆ ′ and
Gˆ′ and Type-III Fˆ , Gˆ and Hˆ.
We need to identify the U˜s in Eq. (39) as the U
f(′)
m,ℓ(′)
in Eq. (24)-(26). For Type-I in
Fig. 5, the relation between the mixing coefficients of Fˆ and Fˆ ′ is given from Eq. (24) by
U˜f1 = U˜
f
1,1 = 1, U˜
f
2 = U˜
f
2,2 = −
x′F 〈φF0〉
z′F 〈ψF−3/2〉
Dα
′,α′,SF
0,0
D
α′,α,S′
F
0,2
, (56)
U˜f1 = U˜
f ′
0,1 = −
xF 〈φF0〉
zF 〈ψF−3/2〉
Dα,α,SF0,0
D
α,α′,S′
F
0,1
, U˜f2 = U˜
f ′
1,2 = −
xF 〈φF0〉
zF 〈ψF−3/2〉
Dα,α,SF1,1
D
α,α′,S′
F
1,2
, (57)
where U˜f1,1 := U
f
1,1/U
f
0,0, U˜
f
2,2 := U
f
2,2/U
f
0,0, U˜
f ′
0,1 := U
f ′
0,1/U
f ′
2,0, and U˜
f ′
1,2 := U
f ′
1,2/U
f ′
2,0. For
Type-II in Fig. 6, the relation between the mixing coefficients of Fˆ and Fˆ ′ is given from
Eq. (25) by
U˜f1 = U˜
f
1,1 = 1, U˜
f
2 = U˜
f
2,2 = 1, (58)
U˜f1 = U˜
f ′
1,1 =
Dα,α,SF1,1
Dα,α,SF0,0
D
α,α′,S′F
0,0
D
α,α′,S′
F
1,1
, U˜f2 = U˜
f ′
2,2 =
Dα,α,SF2,2
Dα,α,SF0,0
D
α,α′,S′F
0,0
D
α,α′,S′
F
2,2
, (59)
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where U˜
f(′)
1,1 := U
f(′)
1,1 /U
f(′)
0,0 and U˜
f(′)
2,2 := U
f(′)
2,2 /U
f(′)
0,0 . For Type-III in Fig. 7, the relation
between the mixing coefficients of Fˆ and Fˆ ′ is given from Eq. (26) by
U˜f1 = U˜
f ′
1,1 =
Dα,α,SFqα−1/2,qα−1/2
Dα,α,SFqα−3/2,qα−3/2
D
α,α′,S′F
qα−3/2,0
D
α,α′,S′
F
qα−1/2,1
, U˜f2 = U˜
f ′
2,2 =
Dα,α,SFqα+1/2,qα+1/2
Dα,α,SFqα−3/2,qα−3/2
D
α,α′,S′F
qα−3/2,0
D
α,α′,S′
F
qα+1/2,2
, (60)
where U˜f ′1,1 := U
f ′
1,1/U
f ′
0,0 and U˜
f ′
2,2 := U
f ′
2,2/U
f ′
0,0. We can also get the coefficients U˜
g(′)
n,ℓ(′)
by
replacing F , F ′ f , α and α′ by G, G′, g, β and β ′.
For example, we calculate the eigenvalues of the Yukawa coupling constants for Type-II
Fˆ (′), Gˆ(′) and Hˆ(′). For SH = 0, S ′H = 1/2, qγ = 1/2, we obtain
bh(′)n =
√
Γ(2γ(′))
n!Γ(2γ(′) + n)
. (61)
This leads to
y˜0 ≃ 1,
y˜1 ≃ −U˜f1 U˜g1 ǫ2H
√
αβ
2γ(′)2(2γ(′) + 1)
,
y˜2 ≃ U˜f2 U˜g2 ǫ4H
√
αβ(2α+ 1)(2β + 1)
4γ(′)2(γ(′) + 1)2(2γ(′) + 1)(2γ(′) + 3)
. (62)
For α = β = γ/2 = 1/2, y˜0 ≃ 1, y˜1 ≃ −ǫ2H/12, and y˜2 ≃ ǫ4H/240. For α = β = γ/2 = 1,
y˜0 ≃ 1, y˜1 ≃ −ǫ2H/40, and y˜2 ≃ ǫ4H/1680.
We find that the overall coupling can be suppressed by the mixing coefficients Uf ′0,0,
Ug′0,0, and U
h′
0 of the Type-II Fˆ
′, Gˆ′, and Hˆ ′, respectively. For instance, we obtain for the
matter field Hˆ from Eq. (25),
Uh′0 ≃
√
ǫH
Γ(2γ + SH)
Γ(2γ + S ′H + qγ)
√
Γ(2γ′)
Γ(2γ)
(S ′H + qγ)!(S
′
H − qγ)!
(SH !)2
, (63)
when Uh′0 = U
′
0,0, and we assume xH/zH ≃ x′H/z′H . We can calculate some examples of
one generation. For SH = 0, S
′
H = 1/2, γ = 1, U
h′
0 ≃ −
√
ǫH/
√
2. For SH = 0, S
′
H = 1/2,
γ = 2, Uh′0 ≃ −
√
3ǫH/2. For SH = 0, S
′
H = 1/2, γ = 4, U
h′
0 ≃ −
√
2ǫH/4. The other
mixing coefficients of the matter fields Fˆ and Gˆ can be calculated as well. This is true
for Type-III Fˆ ′ and Gˆ′, where the suppression factor is derived from Eq. (25).
We consider the following Yukawa coupling constants of Type-III Fˆ and Gˆ (qα, qβ >
3/2), and Type-II Hˆ ,
ymn = yUh0 ǫ
m+n+qα+qβ−3
H C
α,β,0
m+qα−3/2,n+qβ−3/2b
h
m+n+qα+qβ−3, (64)
where Ufm,m+qα−3/2 = U
g
n,n+qβ−3/2 = 1 (m,n = 1, 2, 3). The ratio of the 00 component
of the overall coupling constant of the Type-III to that of the Type-II Fˆ , Gˆ, and Hˆ is
ǫ
qα+qβ−3
H C
α,β,0
qα−3/2,qβ−3/2b
h
qα+qβ−3/C
α,β,0
0,0 b
h
0 , where Cs are given in Eq. (6), and bs are given
in Eq. (22). We find that Cα,β,0qα−3/2,qβ−3/2/C
α,β,0
0,0 < 1, b
h
qα+qβ−3/b
h
0 < 1, and ǫ
qα+qβ−3
H < 1
assuming ǫH < 1. The overall coupling constant of Type-III Fˆ or Gˆ (qα, qβ > 3/2) is
suppressed.
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We comment on an overall constant of the Yukawa couplings. In the MSSM, the
value depends on tanβ. For tanβ = (10, 38, 50), the overall coupling constant of the
up-type quark, the down-type quark, and the charged lepton is yt ≃ (0.48, 0.49, 0.51),
yb ≃ (0.051, 0.23, 0.37), and yτ ≃ (0.070, 0.32, 0.51), respectively, at the GUT-scale given
by Ref. [24]. When we seek the ’tHooft’s naturalness [29] that the value of a dimensionless
coupling constant is O(1) without any reason, the overall coupling constant should be
suppressed by some reasons for at least not large tanβ. From the above discussion, the
overall Yukawa coupling constant of the Type-II or Type-III is naturally suppressed. At
present, it is difficult to say which type is better because we do not know the value of
tan β.
5 Summary and Discussion
We examined the model that contains structure fields with an integer spin and a half-
integer spin of the horizontal symmetry SU(1, 1). The model must include two sets of
matter fields, e.g., Fˆ (Fˆ c) and Fˆ ′(Fˆ c′), where the weight value of the matter field Fˆ must
be different by a half-integer compared to that of the Fˆ ′. Although this model is more
complicated than the model that only includes two structure fields with integer spins,
we found that there are solvable vacuum conditions that exactly determine the mixing
coefficients of the chiral modes fˆn included in the matter fields Fˆ and Fˆ
′. We classified
the mixing coefficients of matter fields into three types based on the component of the
VEV of the structure field and the difference between the values of the weights of the
matter fields. In addition, we determined that the model containing the structure field
with a half-integer spin can only generate odd numbers of generations of matter fields at
low energy as long as the VEV dominantly contributes to produce these generations.
We made sure that each Yukawa coupling constant of the chiral particles at low energy
is completely determined by the mixing coefficients of the matter fields, the CGC of the
matter fields and an overall coupling constant. We examined a typical example of a
Yukawa coupling matrix by using the mixing coefficients obtained in §3. We showed that
the pattern of the Yukawa coupling constants in the model including the structure field
with a half-integer spin is not only hierarchical, but also can be different from that in
the model only including the structure fields with integer spins, because of the mixing
between the matter fields, e.g. Fˆ and Fˆ ′. Smaller values for the SU(1, 1) spins of the
structure fields are preferred to produce the moderate hierarchy of quarks and leptons.
Smaller values for the SU(1, 1) weights of the matter fields are also preferred except in the
marginal assignment. In some cases, we pointed out that the overall coupling constant of
the Yukawa coupling is naturally suppressed.
We also determined that the VEV of the 3/2 component of a structure field with a half-
integer spin S(≥ 3/2) can realize three generations. The previous works in Refs. [18, 19]
must contain the VEV of the 3 component of a structure field with an integer spin S(≥ 3)
to realize three generations. That is, the minimum value of SU(1, 1) spin is S = 3/2 and
S = 3, respectively. We have not yet solved the vacuum structure in models with the
SU(1, 1) spins 3/2 or 3 and we do not know which one is the more stable choice, but we
expect the field with spin 3/2 to be much easier than that with spin 3 when we analyze
these vacuum structures.
We should mention the current status of noncompact gauge theory. One may wonder
how to construct acceptable noncompact gauge theories because such theories violate
unitarity and have no stable vacuum in the canonical forms, a Ka¨hler potential K = Ψˆ†ηΨˆ
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and a gauge kinetic function fAB(Ψˆ) = ηAB, which include at least one indefinite metric.
The author has previously discussed an N = 1 supersymmetric noncompact SU(1, 1)
gauge theory [30]. That the Lagrangian has all positive definite metrics for the physical
fields at the proper vacuum is realized by carefully selecting the Ka¨hler potential, the
gauge kinetic function, and the superpotential. Unfortunately, this model only includes
a chiral superfield with the SU(1, 1) spin 1. Thus, to obtain the “full” Lagrangian, we
must construct acceptable models that produce three generations of quarks and leptons
and one generation of higgses.
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